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a n d  1 1 1 c a n n o t  h a v e  m o r e  t h a n  a b o u t  o n e - t e n t h  of t he  
c o n t r i b u t i o n  of f ree  O 3 molecu les  (Van Vleek,  1932) to  
t h e  m a g n e t i c  s u s c e p t i b i l i t y  of fl-O 2. Magne t i c  and  c rys ta l -  
l og raph ie  s tud i e s  of  d i lu t e  so lu t ions  of O 2 in fl-F~ or in 
fl-N~ w o u l d  be  of in te res t  in e luc ida t ing  the  d i sorder  a n d  
in t e rac t ions .  

T a b l e  1. Structure factors,for fl-F 2 a n d  7-03  

fl-F~ y -O 2 

hkl Fo Fc Fo Fc 
110 - -  1-8 - -  1.8 
200 20.3 I7.4 34-7 34.8 
210 23.2 22.9 37.1 40.9 
211 22.2 21-2 36.8 38.4 
220 5.4 --5.7 9.9 --7.5 
310 2.0 2.2 4.9 3.3 
222 6-0 -- 2.6 17.9 -- 13-5 
320 3.4 -- 1,6 I3.9 --9.9 
321 3-7 3.5 13.7 12.4 
400 7.4 7.2 20.9 22.7 
410 6.0 --5.5 12.2 --10-3 
411 3.1 --4.1 7.3 --7.2 
330 3.6 3-2 8.4 5.3 
420 2.2 1.2 10.6 7.4 
421 2.3 1-9 9.4 8.0 
332 1.7 1-1 4.4 1.7 
422 3.5 3.I 7.9 7-2 
430 2.5 --3.0 6.3 --7.0 
510 - -  --0.8 - -  0.1 
431 1-7 --0-5 4.2 --1.8 
520 1.9 0-8 4.2 1.6 
432 2-0 1.7 - -  1-3 
521 1.3 --0.8 - -  --0-5 
440 2.5 -- 1-5 - -  --0.9 
530 1.3 0"9 - -  2-9 
433 - -  0.7 - -  1-2 
531 - -  0"0 - -  0.0 
600 2.1 --2.1 7-~ --7.3 
442 2.1 0.3 1.7 2.8 
610 - -  1.3 - -  4-4 
611 - -  0.1 4.4 2.5 
532 1.7 -- 1.0 - -  --2.7 
620 1.9 --1.8 4.1 --6.0 
621 - -  0-4 4.3 --3.2 
540 - -  1-0 - -  3"6 
541 - -  0-1 - -  0.1 
622 - -  --0.2 - -  --0.6 
630 - -  -- 0.2 - -  -- 0.4 
542 - -  -- 1"0 - -  -- 4"0 
631 - -  --0.1 - -  0-6 
444 2.6 --1.7 4-1 --6.3 
632 - -  0"3 2.9 2.4 

The  a g r e e m e n t  o b t a i n e d  so far  is a b o u t  e q u a l l y  good  
for  (a) spher ica l ly  d i so rde red  O 3 (or F3) a t  000 and  ~ l l  

2 2  
a n d  cy l indr ica l ly  d i so rde red  O 2 in t he  o the r  s i tes  so t h a t  
t he  b o n d  lies in the  p l ane  of d i so rde r  ( R = 0 . 1 6 ) ,  a n d  
(b) a s t a t i s t i ca l  m o d e l  in wh ich  t he  F a t o m s  of t he  mole-  
cular  t w o f o l d  site are in 16-fold pos i t ions  (a 1 F ' s  on t h r ee -  
fold axes) ,  a n d  t he  F a t o m s  of t h e  o t h e r  molecu les  are  in 
24-fold pos i t ions  (½ F ' s  in t he  p l ane  of  d isorder ) .  L a r g e  
i so t rop ic  t e m p e r a t u r e  f ac to r s  are  also r e q u i r e d  for  
m o d e l  (b), wh ich  also y ie lds  R = 0 . 1 6  for  e i the r  7 - 0  3 or  
fl-F 3 (Table  1). Th ree -d imens iona l  e l ec t ron  d e n s i t y  m a p s  
also i nd i ca t e  spher ica l  d i sorder  for  t he  O~'s (F2's) a t  000 
a n d  :L 1 1 b u t  ob l a t e  sphero ida l  d i s t r i b u t i o n s  for  t h e  o t h e r  2 2 2 '  

O3's. F u r t h e r  s tud ies  of t he  m a n y  r e l a t ed  t y p e s  of d i so rde r  
are  in progress .  

Note added in proof.-- L a t e r  r e f i nemen t s  h a v e  r e d u c e d  
R to  0.10 for  fl-F 2 and  0.13 for  7-03. 
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N o  m e n t i o n  is m a d e  in r ecen t  p a p e r s  on rec iproca l  l a t t i c e  
s y m m e t r y  (B ienens tock  & E w a l d ,  1962; J e f f e r y ,  1963) 
of  t he  t e c h n i q u e  of s t r u c t u r e  f ac to r  a lgeb ra  to  f ind phase  
re la t ions  b e t w e e n  s t r u c t u r e  fac tors .  Our  s imple  'do-i t -  
you r se l f  m e t h o d '  uses  the  i n f o r m a t i o n  a l r e a d y  c o n t a i n e d  
in International Tables for X-ray Crystallography (1952). 

W e  on ly  requ i re  t he  k n o w l e d g e  of the  so called gene ra l  
pos i t ions  wh ich  is e q u i v a l e n t  t o  t he  k n o w l e d g e  of t h e  
s y m m e t r y  e lements .  I n d e e d  to every symmetry operation 
r - > r '  corresponds a phase relation in reciprocal space. 

Le t  us  i l lus t ra te  t he  s t r u c t u r e  f a c t o r  a lgeb ra  m e t h o d  
b y  the  e x a m p l e  of space  g roup  P4322 (D]) No.  95 w h e r e  
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the  general  posit ion is +_ (x, y, z ; x, y, ½ + z; ~, x, ~ + z ; 
y, 5, ¼ +z) and  let us find the  phase relat ion correspond- 
ing to the s y m m e t r y  operat ion r(xyz)-+r'(~], x, -~ +z). 

This is done in four steps. 

(1) Fo rm the  scalar p roduc t  
h . r '  =h(~) + kx + l(~ + z). 

(2) Isolate  the  t rans la t ional  component  which gives 
rise to a phase factor  a = e x p  2~ri~l=exp(3zdl/2). 

(3) Rewri te  the  rest ing scalar p roduc t  in the form 
r . h ' = x k  +y(~) +zl, i.e. bring xyz into their  usual  
sequence. 

(4) The desired s y m m e t r y  relat ion between s t ruc ture  
factors is 
F(h)  = a F ( h ' ) ,  i.e. 
F(hkl) = exp(3zdl/2)F(khl). 

If the reader  is able to show tha t  to the  points r(xyz) 
and  r ' ( ~ - z ,  :~-~/, x) of group Fd3m(O~) No. 227 cor- 
responds the phase relationF(hkl) = F(lk~)exp (zd(h + k)/2) 
he will probably  have unders tood  how to use the  method .  

The theoret ical  proof m a y  be found in F rench  (Bertaut ,  
1959), in English (Ber taut  & Waser,  1957) and  in German 
(Bertaut ,  1958). 

In  Jeffery 's  (1963) nota t ion,  the phase relat ion under  
(4) reads 

O~hk l ~--- cXk~ 1 d- (3Jr/2) 1 

whereas  Jeffery  writes 

ah~l = a~h~ + (3Jr/2) l .  

We mus t  conclude and  have checked t h a t  in Tables 
1 and  2 given by  Jeffery,  a~ht should be replaced by  akTd 
and,  vice versa, ak~ should be replaced by  aihl. 

F ina l ly  let us men t ion  t h a t  all phase relations for 
cen t rosymmetr ic  groups are given in Tables de Lindarisa- 
tion des Facteurs de Structure (Ber taut  & I)ulac,  1955, 
1956). 
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The  lat t ice constants  of four isomorphous cobalt  double 
sulphates  M2Co(SO4)96H~O, wi th  M = K ,  Rb,  NI-I 4 and  
Cs, have  been de te rmined  from powder  X- ray  photographs  
wi th  a quadruple  Guin ie r - -de  Wolff camera  (de Wolff, 
1948) and  Cu K a  radiat ion.  Because of the  larger devia- 
t ions on the two outer  strips, only the  inner ones were 
used, one recording the  powder  lines of the  cobalt  double 
sulphate,  the  o ther  recording the  lines of a reference 
substance  for which  we chose potass ium a luminum 
alum.  In  a separate  measu remen t  on a Debye-Scherrer  
X - r a y  photograph  t aken  in a cylindrical  camera  wi th  
9 cm d iameter  the  uni t  cell edge of the  potass ium alu- 
m i n u m  a lum was found to be 12.157 A, in excellent  
agreement  wi th  the value 12.158 0.001+ ~ found by  Klug  
& Alexander  (1940). 

Calibration of each film was based on this value of the  

a lum uni t  cell edge. The measured  line posit ions appeared  
to be, wi th in  the  l imits of errors, a l inear funct ion of the  
calculated positions. 

I r regular  deviat ions as found by  Fisher  (1957) were 
not  observed. 

Wi th  this l inear funct ion the  line positions of the  
sulphates  were corrected and  the  constants  in the  rela- 
t ion 

sin ~ 0 = Ah  ~ + Bk  ~ + C12 + Dhl 

were calculated.  B was found from sin20 differences 
be tween hkll and  hk2l reflexions, A from hk0 reflexions, 
C from 0kl reflexions and  from sin s 0 differences be tween  
hkl and  hkl reflexions and  D from all hkl reflexions. 
Table 1 gives the  calcula ted lat t ice constants  wi th  the  
s t andard  devia t ion of the  mean.  The morphological  axial  
ratios were t aken  f rom Groth (1908). 

a 0 

b0 
co 

fl (morph.) 

Axial ratio 
Axial ratio (morph.) 

Table 1. Lattice constants of M~Co(SO4)~.6H20 

K Rb NH a Cs 
9.061 +_0.003 A 9.180+0.001 A 9.247+_0.001/~ 9.316+_0.001 A 

12.207 +_ 0.001 12.433 +_ 0.001 12.519 +_ 0.001 12.824 +_ 0.001 
6.151 + 0.002 6.230 +_ 0.003 6.239 +_ 0.001 6.365 +_ 0.002 

104 ° 48'+_2' 106 ° 01'+_ 1' 107 ° 02'+ 1' 107 ° 07'+_ 1' 
104 ° 55' 106 ° 01' 106 ° 56' 107 ° 08' 

0.7423:1:0"5039 
0.7404:1:0"5037 

0.7384:1:0"5011 
0'7391:1:0"5011 

0-7386:1:0"4984 
0"7392:1:0"4985 

0.7265:1:0"4963 
0"7270:1:0"4968 


